Abstract. For Generalized Reed-Muller, GRM (q, d, n), codes, the determination of the second weight is still generally insolved, it is an open question of Cherdieu -Rolland [1] . In order to answer this question, we study some maximal hypersurfaces and we compute the second weight of GRM (q, d, n) codes with the restriction that q 2d.
Introduction
Let q = p t (q a power of a prime p, p > 2), and F q the finite field with q elements. For the dth-order generalized Reed-Muller codes GRM (q, d, n) defined over F n q , an important problem is the determination of the weight distribution. The minimum weight was given by Kasami, Lin and Peterson [3] , and also by Delsarte, Goethals and Mac Williams [2] . For the case d = 2, the weight polynomial is entirely computed by F.J. McEliece [5] . But when d > 2, even the determination of the second weight, which is just the weight above the minimal distance, is still generally insolved. This weight is computed, with some conditions, by J.P. Cherdieu and R. Rolland [1] . In this article the authors give the second weight under the restriction that q is large relatively to d, which can be written roughly in the form:
which is large enough. In this paper, by using some methods of combinatorial and incidence geometry, and some techniques used by J-P. Serre [6] and K. Thas [7] in the projective space P n (F q ), we prove that the second highest number of points of hypersurfaces of degree at most d in F n q is reached only by particular hypersurfaces which are unions of hyperplanes in the case q ≥ 2d. In this case we obtained the second weight of the GRM (q, d, n) codes.
Definitions and Notations
We denote by P (q,d,n) the space of polynomials in n variables with coefficients in F q and of total degree at most d. In this paper we suppose that n ≥ 2, d ≥ 2, and q ≥ 2d.
We recall that the generalized Reed-Muller codes GRM (q, d, n) is the image of the map
• The weight of c is the number of its non-zero coordinates.
• Z q (f ) the set of zeros of f , #Z q (f ) is the number of points of the hypersurface S defined by f , denoted also #S.
is the set of non-zero polynomials in P (q,d,n) .
• The minimum weight is: W 1 = q n − N 1 .
• P 1 : the set of polynomials f ∈ P (q,d,n) such that Z q (f ) = N 1 .
• N 2 = max
• The second weight is:
• P 2 : the set of polynomials f ∈ P (q,d,n) such that Z q (f ) = N 2 .
• H (q,d,n) : the set of hypersurfaces defineds by the polynomials of P (q,d,n).
• H 1 : the set of hypersurfaces S ∈ H (q,d,n) such that #S = N 1 .
• H 2 : the set of hypersurfaces S ∈ H (q,d,n) such that #S = N 2 . Let us remark here that #P i = (q − 1)#H i , for i = 1, 2, because each hypersurface can be defined by (q − 1) different defining polynomials.
Special Hypersurfaces
In this section we consider a special type of hypersurfaces, which are arrangements of some hyperplanes. The following theorems collects results of Kasami, Lin and Peterson [3] , Delsarte, Goethals and Mac Williams [2] , and J. P. Cherdieu and R. Rolland [1] .
Theorem 3.1. The minimum weight of the GRM (q, d, n) codes, where q > d, which we call also minimal distance, is
Proof. The result is easily deduced from Kasami, Lin and Peterson [3] (theorem 5), and Delsarte, Goethals and Mac Williams [2] (theorem 2.6.2).
Moreover, Delsarte et al. [2] characterise all the polynomials defining codewords of minimal weight. These polynomials are products of linear factors and the associated hypersurfaces are unions of d parallel hyperplanes.
In the next theorem we consider hypersurfaces of degree d which are the union of d, not all parallel, hyperplanes. The maximal number of points in this case is the second highest number of zeros, if we restrict the polynomials to be products of linear factors. We will denote it by N l 2 . Theorem 3.2. (i) For hypersurfaces in GF (q) n which are the union of d, not all parallel, hyperplanes, the maximal number of points is given by the two configurations:
(a) all the hyperplanes but one are parallel; (b) all the hyperplanes meet in a common subspace of codimension 2.
Proof. J. P. Cherdieu and R. Rolland [1] (theorems 2.1 -2.2 p 216).
Maximal Hypersurfaces
We will search if it exists hypersurfaces from H (q,d,n) \ H 1 which have at least N (ii) The second weight of the GRM (q, d, n) codes (when q 2d) is 
With the hypothesis that #S N l 2 , we have :
which is equivalent to :
,
we write γ m in the form :
We remark that, the map m −→ γ m is decreasing in m, therefore γ m γ n−2 , for 0 m n − 2, and q 2d.
We have
but b is an integer, hence b 1.
Therefore S contains an affine subspace A m+1 such that A m+1 ⊃ A m .
Proof of Theorem (4.1). Let S an hypersurface as in the theorem and let P a point in S. With this lemma we have proved by induction on m that the point P (viewed as an affine subspace of dimension 0) is contained in an hyperplane of F n q which is contained in S. This is the case for all points of S (because, P can be chosen arbitrarily in S). Consequently S is the union of hyperplanes. So we are in the case of special hypersurfaces which are arrangements of d hyperplanes. We conclude that the maximal number of points of hypersurfaces belonging to H (q,d,n) \ H 1 is acheived by the two cases (a) and (b) of theorem (3.2). So we obtain finally,
Corollary 4.1. (i) The number of hypersurfaces from H (q,d,n) reaching the bound N 2 , for q 2d 1 is
(ii) The number of codewords of GRM (q, d, n) reaching the second weight w 2 , which is also the number of polynomials of P (q,d,n) reaching the second highest number of zeros N 2 is: #P 2 = (q − 1)#H 2 .
Proof. This numbers are obtained with some combinatorial geometry in [1] (corollary 2.1. p 217) for the case of polynomials wich are products of linear factors, and the theorem (4.1) prove that the number N 2 is not exceeded with polynomials in P (q,d,n) \ P 1 and is reached only by polynomials which are products of linear factors. This prove the result for q 2d 1. 
